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Abstract 

We show that the recently proposed large equivalence between ABJM theories with Chern- 
Simons terms of different rank and level, U{Ni)k^ x t/(Ai)_fc^ and U{N2)k2 ^ U{N2)-k2-, but the 
same value of N' = Niki = A2/C2, can be explained using planar equivalence in the mirror duals. 
The combination of S-dualities and orbifold equivalence can be applied to other cases as well, with 
very appealing results. As an example we show that two different quiver theories with k nodes 
can be easily shown to be Seiberg dual through the orbifold equivalence, but it requires order k'^ 
steps to give a proof when Seiberg duality is performed node by node. 
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1 Introduction and conclusions 



One of the most important insights about gauge theories gained over the last two decades is that 
gauge group and matter content aren't fundamental: different gauge theories, based on different 
groups, matter fields and couplings, can describe one and the same physical system. Large classes 
of such "dualities" have been uncovered, many of them in supersymmetric gauge theories. Latter 
play an important role as they offer enough control over the dynamics of the theory to actually 
check a proposed duality. Examples of such dualities that we will consider include the exact S- 
duality [l] of = 4 supersymmetric gauge theories, mirror symmetry of three dimensional gauge 
theories [2] as well as Seiberg dualities [s] in three and four dimensions. 

Presumably dualities are as omnipresent in non-supersymmetric gauge theories, but lacking 
the power of supersymmetry it is much harder to find and verify them. One notable exception are 
large orbifold equivalences [4||7], where a mother gauge theory is related to a daughter theory 
through a projection by a discrete subgroup of symmetries. Orbifold equivalence predicts that, in 
the limit of a large number of colors, the mother theory and the orbifolded daughter theory give 
identical physical observables (correlation functions, particle spectra), at least in a well defined 
subsector of the theories, neutral under the symmetry employed in the orbifold projection. 

In the standard 't Hooft limit large N equivalence can be proved diagrammatically to all 
orders in perturbation theory [5j and has been shown to hold even non- perturb at ively |6], as long 
as certain symmetries intrinsic to the orbifolding procedure aren't dynamically broken. All these 
statements hold with or without supersymmetry. 

Large N equivalence between a supersymmetric mother and a daughter that may or may not be 
supersymmetric can be combined with well established dualities in supersymmetric gauge theories. 
This way novel dualities valid in the large limit can be deduced. This philosophy seems to have 
first been employed in [8| , where a possible Seiberg dual pair of non-supersymmetric quiver gauge 
theories has been identified using large N equivalence]^ While this duality is only derived at large 
N, it was observed in |8| that at least the 't Hooft anomalies match between the two putative dual 
theories for all N, making this dual pair a candidate for an exact non-supersymmetric Seiberg 
dual. 

In this paper we will employ this basic strategy in two very interesting examples. The first 
concerns J\f = 6 Chern-Simons theory with gauge group U{N) x U{N) and levels k and —k 
introduced by Aharony, Bergman, Jafferis and Maldacena (ABJM) [lO] as the low energy effective 



theory of M2 branes on an orbifold. It has recently been proposed in 11 that for large A^, finite 
k, a class of observables in the ABJM theory only depends on the product Nk. That is, for a 
given Nk they are completely independent of k. This observation was based on the properties 
of its supergravity dual. From the field theory perspective, such independence of Chern-Simons 
theory on its level is rather unexpected. Here we will show that this statement can be understood 
as a consequence of mirror symmetry combined with a large N orbifold equivalence. We can 
construct two ABJM theories with the same Nk but different k as the mirror dual of a mother 
and a daughter theory respectively. Interestingly, while the original mother and daughter pair 
are formulated in the standard planar 't Hooft large N limit, the two equivalent ABJM theories 
are not: the 't Hooft limit would instruct us to work at fixed N/k, large N (the type-IIA string 
theory limit of ABJM), whereas the orbifold equivalence holds at large N, fixed k (the M-theory 



*Other proposals for Seiberg dualities in non-supersymmetric theories can be found in [oj. 
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limit of ABJM). 

Our second example involves a new Seiberg duality between two supersymmetric quiver theo- 
ries. In contrast to the mirror symmetry case, Seiberg duality takes a theory in the planar limit 
into a dual theory that is also in the same limit. By orbifolding both the electric and magnetic 
theories of a known Seiberg dual pair, we obtain two daughters that are guaranteed to be equiv- 
alent at large N. The advantage of our supersymmetric example over the non-supersymmetric 
example of [s] is that we can explicitly prove this duality by repeated node-wise application of a 
known Seiberg duality. In fact, we are able to show that the duality holds to all orders in A^. Two 
lessons we learn from this are that a) the procedure of generating new duals from known duals 
using orbifold equivalences indeed works and that b) while the dualities are only derived in the 
large N limit, the dual pairs obtained this way should be viewed as candidate duals that may be 
equivalent at all values of N. In particular, the fact that in our supersymmetric example large 
N equivalence can be proved to hold to all orders in makes the observation of [s] about the 
matching of anomalies to all orders in in the non-supersymmetric example even more intriguing. 
However, in order to prove that the necessary conditions stated in ^ hold in this case, a more 
detailed analysis is needed. For instance, it is known that in non-supersymmetric orbifolds of 
= 4 super Yang-Mills, conformal invariance is broken at leading order in A^ due to the running 
of double trace deformations |12|. 

This paper is organized as follows. In the next section we review some basic properties of mirror 
symmetry and Seiberg dualities and in particular discuss their properties under taking large A^ 
limits. In section 3 we present our mirror symmetry example, proving the large A^ independence 
of level for ABJM Chern-Simons theory. In section 4 we discuss some simple examples of new 
Seiberg dualities that can be derived from old Seiberg dualities together with large A^ equivalence 
and present our example of a supersymmetric quiver duality. 

2 Dualities and the large N limit 

Dualities typically relate a strongly coupled theory to a weakly coupled theory. For example S- 
duality is the statement that an electric gauge theory with Yang-Mills coupling gYM has a dual 
description in terms of a magnetic gauge theory with coupling 1 / qym ■ When discussing dualities 
in the large A^ limit one has to therefore proceed with caution as typically the action of S-duality 
does not commute with the planar limit. In both the 't Hooft and the Veneziano limit one needs 
to take A" to infinity, gyM to zero, keeping the 't Hooft coupling A = gyu^ fixed (the difference 
between the two limits being whether the number of fundamental flavors, Nf, is kept finite or 
grows proportionally to A^) . Only this scaling allows one re-organize perturbation theory in terms 
of the genus of the Feynman diagrams. We'll therefore refer to either one of those two limits as 
a "planar" limit. If the electric theory is taken to be in the planar limit, the S-dual magnetic 
theory clearly is not. Nevertheless, the magnetic theory may still simplify in the large A^ limit 
(if it exists). In particular, orbifold equivalence plus S-duality predicts equivalences between two 
large A^ theories that are taken in the gyu oo, N ^ co limit, which is definitely not a planar 
limit. One can, for example, start with N = A super- Yang-Mills with gauge group U{Nk) in the 
standard 't Hooft limit. Orbifolding by Z^, one can obtain a conformal daughter quiver theory [4|, 
also in the 't Hooft limit (and A/" = 2, 1 or supersymmetry, depending on how is embedded 
into the global 5f7(4)^ symmetry of the = 4 supersymmetric mother). Mother and daughter 
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are equivalent at large in the sector neutral under symmetry. Among the properties the 
daughter inherits is conformality (at least at large A^) and the exact S-dualitjj^ (as is clear from 
thinking about this in terms of D3 branes in IIB string theory located on a singular geometry). 
As a consequence, the magnetic duals of mother and daughter, if they exist, have to be equivalent. 
Many supersymmetric field theories can be embedded via brane constructions in type IIB string 
theory ; the exact S-duality of the embedding type IIB string theory descends to an S-duality 
for the field theory on the branes and, as such, takes a theory in the planar limit to a theory that 
is not in the planar limit. 

A different situation is encountered in Seiberg duality. Here, at least for the range of Nf in 
the conformal window, both electric and magnetic theories can be taken in the planar limit. At 
low energies the field theory flows to a non-trivial fixed point with a fixed 't Hooft coupling A=k at 
which the beta function vanishes. Correspondingly, the way this duality arises from a string theory 
embedding [l4] is very different in this case. Let us adapt the procedure of [l4j to the case of 
Seiberg duality in 2+1 dimensions, so we can compare and contrast it with mirror symmetry. The 
brane setup defines a 3+1 dimensional gauge theory with 2+1 dimensional defects [15|jl7) , either 
defined on an interval or circle of length L. At energies below 1/L the 3+1 dimensional defect 
field theory flows to a 2+1 dimensional field theory which in turn flows to a strongly interacting 
2+1 dimensional CFT. The matter content and gauge fields of this 2+1 dimensional field theory 
are determined by the matter living on the defects and the boundary conditions obeyed by the 
3+1 dimensional fields on those defects; the only modes of the 3+1 dimensional fields that survive 
are the zero modes, that is modes independent of the coordinate along the compact dimension. 
So one would expect that rearranging the order and relative positions of the defects along the 
internal direction is an irrelevant deformation and all such theories will flow to the same IR CFT. 
However, under certain such brane moves the naive 2+1 dimensional field theory one associates to 
these branes changes from the original electric theory to its "magnetic" Seiberg dual. While the 
3d gauge couplings associated with the individual 2+1 dimensional gauge group factors are set by 
the sizes of the intervals, none of these operations acts on the 3+1 dimensional gauge coupling, 
which is set by the string coupling gg. So this whole discussion can be entirely kept within the 
planar limit of the 3+1 dimensional defect CFT. 

Somewhat in contrast, mirror symmetry is inherited from the S-duality of the embedding IIB 
field theory. As such one would expect it to relate a theory in the planar limit to a non-planar 
theory. Strictly speaking, this S-duality is a property of the 3+1 dimensional defect CFT, a point 
most clearly made in |18| . A 3+1 dimensional defect theory with coupling Qym ^ circle of 
radius L is dual to a different 3+1 dimensional defect theory with coupling l/gyj^j on a circle of 
the same radius L. To obtain from this a statement about 2+1 dimensional theories, we want 
to study the theory at scales below 1/L. If the original 3+1 dimensional theory is in the planar 
limit, so will be the dimensionally reduced 2+1 theory with a 't Hooft coupling As^ = gyj^^jN/L. 
The S-dual however will not be, and in this case it is not even clear how to read off a 2+1 gauge 
theory. However, appealing once more to the irrelevance of the positions of the defects on the 
compact direction one can deform both brane setups into a regime where one can associate a 2+1 
dimensional weakly coupled gauge theory with them at scale 1 /L and then appeal to universality 

^The action of S-duality in the daughter can be more comphcated than a simple SL{2,Z) acting on the overall 
coupling. It also acts on the relative strength of the gauge couplings in the individual gauge groups as well as the 
individual 9 angles, which are given by fluxes of NSNS and RR sector B fields through the vanishing 2-cycles in the 
orbifold. 
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to argue that they wih flow to the same IR CFT as the original S-dual pair. Although it is difficult 
to justify this procedure in mathematically robust manner, in the example in ^ it reproduces a 
nontrivial equivalence which is expected from the AdS^/CFT^ correspondence. We regard it as a 
justification of the procedure. 



3 ABJM orbifold equivalence 

3.1 ABJM and orbifold equivalence in the gravity dual 

The field content of ABJM consists of two N = 2 U{N) vector multiplets, an adjoint chiral 
multiplet for each gauge group and four chiral multiplets in the bifundamental representation. 
The action for the gauge fields is a supersymmetric version of the Chern-Simons action, with 
opposite levels for each gauge group. In components, 

Scs = ^ j d^x Tr je^^'^ {a^SxA, + '^A^A^A, - A^dxA, - '^A^.A^A^ - xx + '^Da + ±x- '^Dcr^ 

(1) 

The N = 2 vector multiplet can be obtained from the dimensional reduction of an A/" = 1 vector 
multiplet in four dimensions. Then, the scalar fields cr, a can be seen as the 4th components of 
the reduced gauge fields. In addition, each multiplet includes a Dirac spinor x, X and an auxiliary 
scalar D, D. Under large gauge transformations the Chern-Simons action is not invariant, but 
it would introduce a phase in the path integral. Fixing the level k to be an integer makes this 
phase trivial. The adjoint chiral multiplets have a quadratic superpotential proportional to the 
Chern-Simons level, and couple to the bifundamental fields through a cubic superpotential. After 
integrating them out, they produce a marginal quartic superpotential. Then, chiral multiplets 
have a sextic potential, with additional contributions that appear after integrating out the fields 
a and a. It is possible to show that the theory has an enhanced SU{A)r ~ 50(6)ij symmetry, 
and an explicit A/" = 6 supersymmetry. For k = 1 and k = 2 the symmetry is further enhanced to 
AA = 8, with the additional 50(8)/j currents appearing thanks to monopole operators. 

The k = 1 ABJM theory is the only A" = 8 superconformal theory in three dimensions that is 
a candidate to describe low-energy physics of a stack of M2 branes in flat spacetim^ Given 
the amount of supersymmetry, it may be unique. For /c > 1, it is believed to describe M2 branes 
in an orbifold M^/Z^., with A" = 6 supersymmetry when k > 2. In the large- A^ limit with N ^ k 
(actually A^ ^ fc^), the ABJM theory should be dual to the near-horizon geometry of the M2 
branes, M-theory on AdS^ x S^/Zjt. This has been confirmed by many calculations comparing 
both theories. For large values of k {k^ N ^ k), the M-theoretic description is not a good 
approximation but a weakly coupled description in terms of type IIA supergravity in AdSi x CP^ 
is possible. 

The metric and background fields of the gravity dual to ABJM are 

F4 ~ N'e^, (2) 
R/ip = {2^7T^N')^/^. 

®The original proposal ^9' for N = 2 was shown to be equivalent to ABJM with SU{2) x SU{2) gauge group. 
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The metric ds\j^g^ is the usual anti-de Sitter metric with unit radius. The S''^ geometry can be 
seen as a fibration of a circle on CP^, with the orbifold acting on the circle. This reduces the 
volume of the S"^ by a factor of k, so the number of flux quanta is also reduced by a factor of k 
in the quotient space and one needs A^' = Nk units of seven form-flux (the magnetic dual to the 
four-form flux) to match with the flux of N M2 branes. Notice that the radius of the M2 geometry 
depends also on N' , and not on A^. 

Consider now two different ABJM theories, with ranks A'^i and and levels ki and k2- As was 
pointed out in if A^iA:i = N2k2 = N' , the gravity duals to both theories would have the same 
flux and radius of curvature, although the orbifold would be different. From the point of view of 
supergravity, this is completely analogous to the orbifold projections that have been considered in 
the context of AdS^/CFT^ duality |4|. On the gravity side, by starting with type IIB superstring 
on AdS^ X S^, one can perform the orbifold projection on so that type IIB superstring on 
AdS^ X S^/Zfc is obtained. The dual conformal field theory, which was originally = 4 super 
Yang-Mills in four dimensions, is projected to less symmetric theories. (This procedure on the 
gauge theory side is also called the 'orbifold projection'.) It was found using the gravity dual that 
one can predict an equivalence between the corresponding field theories, for observables which are 
invariant under projection. 

The argument so far is completely parallel to the one used in AdS^/CFT^ dualsQ However, 
from the gauge theory point of view there is a big difference. In AdS^/CFT^ duals, it is possible 
to prove the equivalence directly in the gauge theory (5j|7] ; the essential point in the proof is that 
loop effects in the gravity side correspond to 1/A^ corrections in the gauge theory side. Hence 
one should focus in the planar limit, and the equivalence is actually proven there, using purely 
field theory arguments. However, in our case the same kind of arguments are not applicable. The 
reason is as follow: in ABJM theories, the 't Hooft expansion is the double expansion in terms 
of 1/A^ and the 't Hooft coupling A = N/k. Usual 't Hooft counting holds in the large- A^ limit 



with fixed A, which is dual to type HA superstring on AdS^ x CP^ 10 . In the parameter region 
of interest, however, k is typically of order unity and N is taken to be very large, so that the 
dominance of the planar diagrams cannot be usedj^ Thus the AdS^/CFT^ duality, combined with 
the orbifold equivalence, predicts non-trivial relations for very strongly coupled (in the sense that 
the 't Hooft expansion cannot be used) ABJM theories. In the following we will give a proof of 
the equivalence using mirror duality. 

3.2 Mirror dualities plus orbifold equivalence 

We can explain the large-A^ equivalence among ABJM theories with the same A^' = Nk using 
a combination of mirror symmetry j2j and orbifold equivalences (4||7]. The particular examples 
of mirror symmetries in ABJM- like theories we will need here were studied in ref. |21|. Let us 



'^There is a technical but important difference between the orbifolds in AdS^/CFTi duals and the ones 
considered here. In the AdSs/CFT^ setup the orbifold acts non-freely, i.e. there is a subspace of fixed points 
where light states are localized. From the field theory perspective large A'^ orbifold equivalence does not apply to 
observables in this sector and can be spoiled if they acquire an expectation value. The difference is that in the 
M-theory geometry the Zk orbifold acts freely on the 5^, so there are no fixed points and therefore no such localized 
light states. 

^ Of course, one can consider the more familiar type of orbifold equivalences associated with planar diagrams in 
the AdSii/CFTz context as well, but in the limit where N/k is fixed, not in the M-theoretic limit we are interested 



in. See comments in 11 and refs. 120 
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first recall how to obtain the ABJM theory from string theory. One starts with two parallel NS5 
branes extended along the 012345 directions and separated along the compact 6 direction, and 
N D3 branes along the 0126 directions. In addition, there are k D5 branes along the 012349 
directions. This leads to a low energy effective theory on the worldvolume of D3 branes that is 
an M = 2 supersymmetric theory in three dimensions with U{N) x U{N) gauge group, a chiral 
multiplet in the adjoint representation of each gauge group factor (Xi, i = 1,2), four bifundamental 
chiral multiplets {A, A, B, B) and k massless chiral multiplets in the fundamental representation 
{Qai) and k in the anti-fundamental {Qai) of each gauge group factor U{N). If the k D5 branes 
sit on top of one of the NS5 branes, one can deform the brane configuration to a (1, A;)5-branej^ 
that in the effective field theory corresponds to giving masses of opposite sign to chiral multiplets 
charged under each group [22]. After integrating out those, one is left with Chern-Simons terms 
for the gauge fields with level k and level —k for each gauge group factor. This is a marginal term, 
while Maxwell's action for the gauge fields is irrelevant in 2+1 dimensions, in such a way that at 
low energies the theory fiows to an = 6 superconformal theory, which is enhanced to M = 8 
when A; = 1 or A; = 2. 

Mirror duality [2] can be studied using the exact S-duality transformations of the string theory 
construction. Under S-duality, the NS5 branes and the D5 branes are interchanged, while the D3 
branes are self-dual. Before adding a mass to the fundamental fields, the S-dual of the ABJM 
construction consists of k NS5 branes along the 012578 directions intersecting a D5 brane along 
the 012345 directions, with an additional D5 separated along the 6 direction, and the same D3 



branes along 0126 directions 21 . The effective theory on the D3 branes is an A/" = 2 [/ (A^)'^ gauge 
theory. If we label each gauge group by a number i = 1,2, ... ,k, the matter content consists of 
k chiral multiplets in the adjoint (li), 2k chiral multiplets the bifundamental representation of 
+ 1) groups (Ctt+i, Cj+ij), one chiral multiplet in the fundamental representation and one 
in the anti-fundamental for each the 1st and the 2nd gauge group factors (Ri, Ri, i = 1,2). We 
can summarize the field content as a quiver, like the one in figure [TJ The superpotential is [23] 

W R1C12R2 - R2C21RU (3) 

so the flavor symmetry is reduced from U{1)'^ x C/(l)^ to U{1) x U{1). The deformation to the 
(1, A;)5-brane that was a mass for the fundamental multiplets in the original theory becomes a 
complicated non-local deformation in the mirror. However, due to the duality, both should have 
the same physical effect and the two theories should flow to the same IR fixed point. 

A quiver theory of the form of the mirror dual is very similar to the theories studied in the 
usual orbifold projections (4||5j. Indeed, we can obtain the same field theory by doing a 
orbifold projection of an A^ = 2 [/ (kN) gauge theory with three chiral multiplets in the adjoint 
representation (Y, C, C), two chiral multiplets in the fundamental representation {Ra, a = 1,2) 
and two in the anti- fundamental (i?a).The superpotential takes the form 

W ocRiCR2-R2CRi, (4) 

so there is only a ^7(1) x U{1) global fiavor symmetry also for this theory. We will now show 
explicitly the orbifold projection. We start defining the phase uj = ^'^'^1^ _ The projection is made 

^The (1, fc)5 brane is at an angle on the 59 plane. 
^"^Identifying the k + 1th group with the 1st. 
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Figure 1: Quiver of the S-dual theory to the ABJM construction. Each node represents a U{N) 
vector multiplet plus an adjoint chiral multiplet, each hnk a bifundamental hypermultiplet and 
each box a global flavor group. 

using an element of the gauge group 7 G U{kN) that spans a subgroup: 



where Iat is the N x N identity matrix. The quiver theory is obtained from the U{kN) theory by 
keeping the components of the fields that are invariant under the following transformations: 

• Fields in the vector multiplet: V — )■ 7^7"^. 

• Adjoint chiral multiplets: Y — )• 71^7^^, C — ?• cujC'j^'^, C — )■ a;^"'^7C7^"'^ . 

• Fundamental chiral multiplets: Ri — )• 7i?i, R2 uj^^jR2- 

• Anti-fundamental chiral multiplets: Ri — )• Ri'j^^ R2 — ujR2^~^. 

The transformations we have used are a combination of gauge, flavor and R-symmetry transfor- 
mations that are compatible with the form of the superpotential. After the orbifold projection, 
the U{N)^ theory inherits the superpotential ([s]). 

The U{kN) theory can also be obtained from a brane configuration, it consists of kN D3 
branes along the 0126 directions, one NS5 brane along the 012578 directions and two D5 branes 
along the 012345 directions. An S-duality gives a D5 brane along the 012349 directions and two 
NS5 branes along the 012345 directions, so at low energies one obtains a U{kN) x U{kN) theory 
of the kind discussed at the beginning of this section, with one chiral multiplet in the fundamental 
representation and one in the anti-fundamental for each gauge group. Giving opposite mass to 
the chiral multiplets charged under each gauge group, the theory becomes the ABJM theory 
U{kN)i X U{kN)^i in the infrared. We have then the following chain of relations 




(5) 



U{kN) + 4 flavors 



orbifold 



U{N f + 4 flavors 



muror 



mirror 



(6) 



U{kN) X U{kN) + 2 flavors 



U{N) X U{N) + 2k flavors 



We have represented the corresponding D-brane constructions in figure [2} 
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Let us discuss the validity of our derivation: we start with a U{N) x U{N) theory with 2k 
massless flavors, this theory flows in the IR to a flxed point whose mirror is given by a U{N)'' 
theory with four flavors. Mirror duahty in the IR is assumed to be exact by virtue of S-duahty 
in string theory. The mirror theory is orbifold equivalent to a U{kN) theory with four flavors. 
In order for the orbifold equivalence to be valid, both the U{N)^ and the U{kN) theory need to 
be in the 't Hooft limit, this imposes some restrictions. As mentioned above, these theories can 
be seen as the dimensional reduction of four-dimensional theories, with dimensionless coupling 
constant gyu- '^^^ Hooft coupling of the three dimensional theory is determined by the size of 
the compact direction L 

A3. = %^. (7) 

Assuming the four-dimensional theory is in the 't Hooft limit, N ^ oo with gyj^jN fixed, but 
possibly large, the three-dimensional theory would also be in the 't Hooft limit unless non-trivial 
dynamics happen at very low energy scales E ~ gyj^j/L ~ 1/{NL), where a separate expansion 
in and the effective coupling Xsd/E would break down. We do not expect this to be the case, 
rather the two theories will flow to a fixed point at scales below X^^: and they will be related by the 
orbifold equivalence, that has been shown to hold at the non-perturbative level [6,24 . However, 



in general this is a subtle question and non-trivial dynamics can be relevant at very low energies 
if for instance chiral symmetry is broken 24 . Once the equivalence between the U{N)^ theory 



and the U{kN) theory has been established, one can apply mirror duality to the latter and end 
with the U{kN) x U (kN) theory with 2 fiavors. Finally we have to introduce a mass deformation 
for the fundamental fields in the U{N) x U{N) theory. The theory flows to a new flxed point 
described by ABJM. The mass deformation maps to a relevant, possibly non-local, deformation in 
the mirror dual U{N)^. Giving the same mass to all the flavors, makes the deformation invariant 
under Z^, symmetry, so the deformation is mapped by the orbifold equivalence to a deformation in 
the U{kN) theory, and through mirror duality to a mass for flavors in the U{kN) x U (kN) theory. 
Therefore, there is an equivalence between the U{kN)i x U{kN)^i and the U{N)k x U{N)-k 
ABJM theories. Since we have done this for arbitrary k and N , this means that there is an 
equivalence between any two ABJM theories with ranks Ni , N2 and levels fei , /c2 , such that 

N' = Niki = Aafcs, (8) 

are the same. 



4 Orbifolds of Seiberg duals and Seiberg duals of orbifolds 

4.1 Simple examples 

The idea of combining orbifold equivalences with dualities can be applied to other cases as well. 
One of the best studied type of duality is Seiberg duality between two four-dimensional M = 1 
supersymmetric gauge theories |3j . Seiberg duality is a kind of electromagnetic duality where two 
diff'erent theories, the "electric" and the "magnetic" theory, flow in the infrared to the same flxed 
point, which is usually strongly coupled except for some values of the parameters. The canonical 
exampl^is U{Nc) SQCD with Nf flavors in the conformal window |A'c < Nf < 3Nc. The dual 

^^In 3+1 dimensions one typically only considers SU(Nc) gauge groups as the 17(1) factor in U{Nc) becomes 
free in the infrared and so trivially agrees on both sides. Seiberg duality can however also be studied in 2+1 
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1) 2) 




NS5 

3) 4) 




Figure 2: D-brane constructions for the different theories discussed in the text. The circle 
represents D3 branes wrapping a compact direction, while thick dots represent NS5 branes and 
vertical lines represent D5 branes. Although NS5 branes and D5 branes that are on the same side 
of the circle should be on top of each other, we have separated them in the drawing for visual 
convenience. At low energies, the effective field theory on the D3 branes is 1) U{kN) with 4 
flavors, 2) C/(iV)'= with 4 flavors, 3) U{kN) x U{kN) with 2 flavors, 4) U{N) x U{N) with 2k 
flavors. The pairs 1), 3) and 2), 4) are related by S-duality, while the pair 1), 2) is related by the 
orbifold equivalence. 



theory is U{Nf — Nc) SQCD Nf flavors and additional "meson" multiplets. 

Taking = kn-c, we can perform a Z^, orbifold to obtain a U{nc)'' quiver gauge theory. In 
order for the k nodes in this quiver to not completely decouple from each other, we need bi- 
fundamental matter. In orbifolding = 4 this bi-fundamental matter is the result of adjoint 
representation matter that is explicitly charged under the Z^. The embedding of into the 
gauge group keeps only the U{nc) blocks on the diagonal of the gauge field invariant. If the 
adjoint matter only transforms under Z^ due to its gauge charges, the same components as for 
the gauge field are invariant and we will project down to k decoupled U (nc) factors with adjoint 
matter. If the adjoint has some additional explicit Zjt charge, it is the off-diagonal blocks that 
survive the projection and we are left with bi-fundamental matter. 

In the basic Seiberg duality described above the only adjoint matter are the gauginos. If we 
want to preserve N = 1 supersymmetry the gauginos have to transform the same way under Z^ 
as the gauge fields and the only option we have is to project down to k decoupled U{nc) gauge 
groups with n/ flavors each (here Nj = knj), and similarly to k decoupled U{nf — ric) factors in 
the magnetic dual. The orbifold daughters are trivially Seiberg dual to each other - they are just 
k copies of a standard Seiberg dual pair. In js] Z^ was embedded non-trivially into the global 
U{1)r symmetry. This way the gaugino gave rise to chiral bi-fundamental matter after projection 
at the cost of losing supersymmetry. In the next section we will instead introduce an extra adjoint 



dimensions. It has been shown in 25 26 that the derivation of Seiberg duality in terms of irrelevant positions of 



defects equally applies in 2+1 and 3+1 dimensions. The duality for U{Nc) gauge group with Nf fundamentals has 



been proposed in 26 in close analogy with the 3+1 dimensional case. In 2+1 dimensions it is crucial to keep the 
U(l) factor; the U{1) here is strongly interacting in the infrared and so the dynamics of U{Nc) truly differs from 
that of SU{Nc). While our discussion is focused on the 3+1 dimensional case, we keep considering U{Nc) gauge 
groups as generalization to 2+1 dimensions in this case proceeds without any major changes. 
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chiral multiplet into the theory. Seiberg duahty in this case is stih weh understood, and so we 
can produce interesting supersymmetric Seiberg dual quivers. 

There is one non-trivial Seiberg dual we can derive from the simple example of U{Nc) with Nf 
flavors by performing a Z2 projection on the gauge group that takes SO{2Nc) with Nf flavors to 
U{Nc) with Nf flavors |3f|[32]. The dual gets projected to SO{Nf - Nc). SO{Nc) gauge groups 
are known to have a SO{Nf — + magnetic dual ^27j. At large Nc the 4 is negligible compared 
to Nf and N^ so this large orientifold equivalence indeed produced a valid dual pair, as long 
as we stay away from the edges of the conformal window where the symmetry breaking patterns 
in mother and daughter do not necessarily agree. Note that in this case the duality between the 
daughters does not extend to finite N , in contrast to the case we are about to turn to. 



4.2 A quiver Seiberg duality 



Seiberg duality can be extended to more complicated theories. In 28 , 29 an extension of Seiberg 
duality to SQCD theories with an additional adjoint chiral multiplet X and a superpotential 
W{X) = TiX^ {k > 3) was studied. The dual is U{{k - l)Nf - N^) SQCD with an adjoint 
multiplet Y and a superpotential of the form 

W{Y) = TiY^ + MjqY^-^~^q, (9) 
i=i 

where q, q are the dual quark multiplets and Mj the meson multiplets dual to composite operators 
QX^~^Q in the electric theory. Note that the F-term associated with the X'^ superpotential in 
the electric theory set to zero X^^^ and so the chiral ring truncates and there are no mesons 
of this form with j > A: — 1 in the spectrum. We will consider a particular family of examples 
of this type, with gauge group U{k{k — l)nc), and kuf flavors, whose Seiberg dual has a gauge 
group U{k{k — l){nf — ric)). Note that we chose the same integer k to determine the gauge 
group as well as the superpotential. The reason behind this choice is that we can do the same 
orbifold projection in both the electric and the magnetic theory. The is embedded in the gauge 
group in the usual fashion, projecting the electric theory down to U{{k — l)nc)^ and similarly the 
magnetic gauge theory down to U{{k — 1)(?t./ — ric))- In order to obtain a non-trivial quiver with 
bi-fundamental matter, we also need to act on the adjoint chiral fields X and Y explicitly. In the 
absence of any superpotentials, we could use the U{1) global symmetry that rotates the chiral 
superfield X while leaving all other fields invariant and the analogous symmetry acting on Y in 
the magnetic theory. Note that our particular choice of superpotential leaves a Z/t subgroup of 
this U{1) global symmetry invariant and so can indeed be used for a projection. 

The field content of the resulting theories can be summarized in a circular quiver with two flavor 
groups attached to each node, as the left diagram in figure [3j In this kind of quiver links Fi are 
oriented, since we are dealing with J\f = 1 chiral multiplets. Each quiver has k nodes corresponding 
to an U{{k — l)nc)^ group in the orbifold of the electric theory and a U{{k— l)(nj — nc))'' group in 
the orbifold of the magnetic theory. The links joining the nodes correspond to the bifundamental 
fields obtained after projecting the adjoint multiplets X and Y. In addition both theories have 
a superpotential of the form Y[i=i that descends from the X^ and Y^ superpotentials in the 
parents. This is consistent with the expectation that in quiver theories one wants to include a 
superpotential term associated with every closed loop. The electric and magnetic quiver look 
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identical as far as the nodes and the charged matter is concerned except for the change of electric 
to magnetic gauge group on every node. In addition the magnetic theory has a large set of mesons. 
For every global flavor group associated with a quark we have a meson arrow going from that 
flavor group to every single flavor group associated to an anti-quark. In the electric theory these 
mesons are operators of the form Q {j^jXi Q) ihdX is we take j + 1 link fields to go partway 
around the quiver and then make a gauge invariant by attaching a flavor field at the start and 
end node. 

In contrast to the mirror duals, for both the electric and the magnetic theory the planar 
approximation is valid in the large-A'^c limit, as long as they are not too close to the border of 
the conformal window, where the coupling of one of the two becomes very weak and the other 
very strong. We can then apply the usual argument of planar equivalence in both cases, and since 
the Seiberg duals flow to the same infrared fixed point, this means that the orbifolded theories 
should also flow to the same fixed point, which differs from the original one by 'i/N^ correction 
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In principle one should be able to implement the orbifold projection directly at the fixed point. 
In this case, we are doing the same orbifold projection to one and the same theory and so the 
orbifolded theories would have to be Seiberg dual to each other including 1/Nc corrections eve 
in the non-supersymmetric case studied in [§]. However in practice we implement the orbifold 
projection in the UV, and in this case corrections could drive the "electric" and/or the 

"magnetic" theories away from the fixed point. In this case they would not fiow to the same 
theory. 

Can we test our claim? The procedure to find the Seiberg dual of a quiver theory has been 
explained in [30j . Seiberg duality can be applied to each gauge group factor independently, treating 
the remaining gauge groups as global fiavor groups. Clearly, for the quivers we consider, it is not 
enough to apply Seiberg duality to a single gauge group. We have found a simple algorithm to 
derive the Seiberg dual we have obtained through the orbifold projection using this procedure. 

For a single node, dualizing involves a 5 step procedure: 

1. Count the number of all ingoing arrows weighted by the number of colors/fiavors associated 
with the node they come from. Equivalently one can count the outgoing arrows, they have 
to agree by anomaly cancelation. This gives the total number of flavors N'^^^ for that node. 

2. Dualize the gauge group on the node by replacing Nc on that node with — N^- 

3. Reverse the orientation of all incoming and outgoing arrows associated with this node. This 
implements the fact that the dual quarks transform in the conjugate representation of the 
original quarks under the global flavor symmetry. 

4. For every pair of an incoming and outgoing quark add a meson field that corresponds to 
the vector sum of the two. The orientation of the meson corresponds to the orientation the 
arrows had before they got inverted. 

5. Whenever two arrows connect the same two nodes with opposite orientation, remove them 
from the quiver. As long as all superpotential terms associated with closed loops in the 



Strictly speaking large- A'^c equivalence in the Veneziano limit Nf /Nc ~ 1 has not been proven at nonperturbative 



level, although a perturbative proof [s] can easily be applied to this case 32 . However, it should be possible to 
apply the arguments for adjoints and quiver theories as in 6' just by replacing one of the gauge groups with the 
fiavor group. In this case the equivalence is expected to hold only for flavor singlet observables. 
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quiver had been added in the original theory, the Mqq superpotentials generated under 
duaUzation will generate a mass term for such a pair and it can be integrated out. 

The implementation of this algorithm for /c = 3 is illustrated graphically in figures ([s]) - ([T]). If 
we dualize the first node, then the second node, then the third node and then the first node one 
more time, we reach the desired dual theory. 

This algorithm can easily be implemented in Mathematica. We find that if we dualize all k 
nodes in order along the quiver, we reach a quiver where the first k — 2 nodes now have gauge 
groups U{nf), U{2nf), . . ., U{{k — 2)nf). The last two nodes get dualized into the desired 
U{{k — l){nf — ric)) gauge group. Redualizing the first k — 2 nodes ends up turning node k — 2 
into the desired dual. Redualizing the first A; — 3 nodes turns one more node into the correct dual 
gauge group. Repeating this process until every single mode has reached the dual takes a total of 

Nsteps = k + - / - 1) = ^^-^^^ (10) 

1=1 

steps. Of course we can not exclude the possibility that there is a way to reach the dual gauge 
group in fewer steps than we indicated here, but we strongly suspect that one will always need 
order k'^ duality steps. Keeping track of the flavor content as well as the gauge singlet mesons, 
one sees the dual quiver emerge as expected. As in the A; = 3 example illustrated in figures ([3| - 
Q the flavor groups are "rotated" with respect to the colored nodes along the quiver. But every 
color group has exactly one incoming and one outgoing flavor arrow. As expected, mesons connect 
every global quark flavor group (that is flavor groups with arrows from the flavor group to a color 
group) with every global anti-quark flavor group (that is flavor groups with arrows to the flavor 
group from a color group). We have explicitly verified this structure up to A; = 100. 

In conclusion we find that indeed the orbifolded theories are dual to each other, so, for a 
given theory, the orbifold of the Seiberg dual is the same as the dual of the Seiberg orbifold if the 
orbifolded theory is supersymmetric. 
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